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A;=1.6 kgf/m? and 0.05<A,<0.3 kgf/m?

Since the rubber rod cannot expand in the y direction,
N, = 1. Furthermore, if we assume that the rubber is incom-
pressrble, then® A AN =1, TInserting X, =1 into this expres-
sion gives A, —1/)\ Insertrng the last expression into Eg.
(15) and replacing )\x and ¢, by \ and o, respectively results
in

0=y +4) (\5) (16)

which satisfies Eq. (2) if one defines G, =(A, + A4,). The re-
maining development for two-dimensional compression is
identical to the one given earlier with n=2 rather than n=1,
which gives the appropriate expressions for a one-
dimensional compression.

Discussion and Conclusions

The location along a rubber rod where the compression
wave generated upon an impact on one of its edges has been
calculated for one- and two-dimensional compression. The
case of a three-dimensional compression could not be solved
due to lack of an expression relating the stress to the strain.

Comparing Eq. (12) for n=1 and n=2 by calculating the
velocity of the first Riemann wave (the values of the various
physical constants are taken from Ref. 5) indicates that for a
one-dimensional compression, ’

(Cp); =46.37 m/s
while for a two-dimensional compression
26.37 < (Cy), <28.29 m/s

where the lower and upper limits correspond to the smaller
and higher values of A, respectively. Thus, as can be seen,
the first Riemann wave, i.e., the velocity and the head of the
compression wave in a two-dimensional compression, travels
at ‘about 60% the velocity of the head of the compression
wave in the case of a one-dimensional compression. This
suggests that for the same impact conditions, a shock wave
will be formed much earlier when the rubber rod can expand
only in one direction.
From Eq. (14) one can get

s _[ (O ]
(xs)l (CO)I

and since (C,),=0.6(C,); one obtains (x,),=0.36(x,),,
which means that the distance where a shock wave is formed
in a rubber rod under a two-dimensional compression is
about one-third the distance needed for a shock wave to be
formed when the rubber rod is only under a one-dimensional
compression. '

References

1Courant, R. and Friedricks, K. O., Supersonic Flow and Shock
Waves, Vol. 1, Interscience Publications Inc., New York, London,
1948.

2Treloar, L. R. G., The Physics of Rubber Elasticity, Oxford at
the Clarendon Press, Oxford 1949.

3Nowinski J. L., “On the Propagation of Finite Disturbances in
Bars of Rubberlike Materials »* Journal of Engineering for Industry,
Vol. 87, 1965, pp. 523-529.

4Glass, 1. I. and Hall, J. G., ““‘Shock Tubes,”” Handbook of
Supersonic Aerodynamics, Vol. 6 Sec. 48, NAVORD Rept. 1488,
1959.

SKolsky, H., Stress Waves in Solids, Dover Publications Inc.,
New York, 1952.

TECHNICAL NOTES

119

Hybrid Finite-Element Analysrs
of Laplace’s Equation
with Singularities

Kuen Ting* and Wen-Hwa Chent
National Tsing Hua University, Hsinchu, Taiwan

Introduction

HIS Note is devoted to solving Laplace’s equation sub-

jected to appropriate boundary conditions with
singularities. Earlier attempts to solve this problem using
finite-element techniques used conventional elements' or
quarter-point singular elements.?> Although those elements
were easily used in available finite-element packages, a rather
refined mesh needed to be employed. Several 1nvestigators4 3
then created a special singular element to model the region
near the singular point, but did not satisfy the condition of
continuity for the independent variables in partial differential
equations. Recently, the global element method®’ for which
shape functions with an embedded singularity have been' de-
vised for this problem with relatively simple domains (e.g.,
circles, squares, etc.). Thus, it would be preferable to con-
struct a finite-clement model that can be used to solve the
Laplace equation with cornplicated geometries such that
singularities are considered in several special elemens
surrounding the singular point and conditions of continuity of
solutions at the interelement boundaries are still satisfied. The
hybrid finite-element models developed by the authors®? in
dealing with thermoelastic fracture problems seem to be good
choices for this purpose.

Motz’s Problem

As shown in Fig. 1, without loss of generality, the problem
first introduced by Motz!° is chosen as the example to tackle:
The problem is governed by the two- d1mens1onal Laplace
equation

v2u=0 inR

subjected to the boundary conditions
u=f, on OP

=f, onBC

and

u
——=g on AB, AD, CD
on

where du/dn is the outward normal gradient of u, and f, />,
and g are constants.

Hybrid Finite-Element Analysis
The variational principle that governs the hybrid finite-
element models for thermoelastic fracture problems can be
further generalized as follows:

7r(u,12,>~\',,)_= E {SA T(Vu)T(vu)dAJcSS giids
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Fig. 1 Finite-element mesh for Motz’s problem.

- SaA,,, X, (ﬁ—u)ds} =min )

Here A4,, is the area of element m in the finite region R; 94,
the boundary of A4,; S,,, the portion of d4,, in which the
outward normal gradient of u is prescribed, say, ou/dn=g;
the element interior variable u is differentiable within A4, but
need not satisfy a priori interelement continuity. The
variable # is the interelement boundary variable that satisfies
the boundary condition #=f on S,,,. S,, is the portion of
d4,, in which the value of u is prescribed. X, is the
Lagrangian multiplier, which is physically the interelement
boundary outward normal gradient of u on 38A4,,. After
checking the Euler equations and natural boundary condi-
tions corresponding to 6w =0, the interelement continuity of
variable u between two adjacent elements is still enforced.
Thus, the correct singularities®® can be freely embedded in
several hybrid singular elements around the point O and, for
simplicity, conventional isoparametric elements are taken
elsewhere.
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_ For the present finite-elemerit implementations, u, #, and
A, in Eq. (1) can be assumed in terms of column vectors of
parameters «, 8, and the nodal value g, respectively,

u={U}T{B} in A4, )
ii={L}T{q} onaA,, 3)
X, ={R}7{a} ondA,, )

where { }7 denotes the transpose of the column vector { }.
The interpolation functions {U}7, {L}7, and {R]}7 will be
discussed in the appendix. Substituting Eqs. (2-4) into Eq.
(1) and performing the necessary manipulations, the final
algebraic system equations are derived as

[K*]{g*} ={Q"}

where [K*], {g*}, and {Q*} represent the corresponding
global matrix of stiffness, nodal value, and loading vectors,
respectively.

Results

For comparison purposes, the constants fi, f,, and g given
in Motz’s problem are taken as 0, 500, and 0, respectively.
Due to symmetry, it is sufficient to solve the shaded area
whose finite-element mesh is displayed in Fig. 1. Four cir-
cular sector-shaped hybrid singular elements are surrounded
by 14 eight-node isoparametric elements, and 67 degrees of
freedom are used. The results obtained at the grid points are
given in Table 1, where they are compared with the results of
Refs. 3, 5, 6, 11, and 12. Good correlations between the pres-
ent results and the referenced solutions are found. It is
worthwhile to note that a total of 451 degrees of freedom were
taken in Wait’s model® (using quarter-point singular elements)
vs the 67 degrees of freedom used in the present hybrid
finite-element method. Figure 2 shows the contours of solu-
tion # of Motz’s problem. Excellent results at the boundaries
are also observed.

Appendix
Assumed Element Interior Variable u
Based on the results of the authors’ previous works,%? the
interpolation function of the element interior variable # in
Eq. (2) can be derived as
{UYT =1, r¢, r'/? sin(¢/2), r sing, r*/2 sin(3/2)¢,

r? sin2¢, r’’2 sin(5/2)¢, r* sind¢, r’'/2 sin(7/2)¢,

Table 1 Solution of Motz’s problem

Hendry Wait and

(x,) Present and Delves® Whiteman!! Morely> Wait® Mitchell'?
(-1/7,1/7) 61.9 —_ 62.0 —_ 61.8 61.4
(—1/14,1/7) 78.8 — 78.8 — 78.8 78.3
©0,1/7) 103.9 — 103.8 — 103.5 103.3
(1/14,1/7) 135.8 —_ 135.7 — 135.5 134.3
(1/7,1/7) 169.4 — 169.5 — 169.2 168.2
(0,3/28) 90.5 — 90.6 —_ 90.4 89.7
(—3/28,1/14) 335 — 33.4 — 33.2 32.8
(0,1/14) 74.9 — 74.6 — 74.4 73.3
(1/7,1/14) 160.4 — 160.4 — 160.3 159.0
(0,1/28) 53.2 53.2 53.2 53.1 53.2 51.4
(1/28,0) 76.6 — 76.4 — 76.4 76.4
(1/14,0) 109.3 — 108.9 — 108.6 106.9
(3/28,0) 134.2 — 134.4 — 134.2 132.9
(1/7,0) 156.7 — 156.5 — 156.2 156.6
0,4/7) 183.9 183.9 — — — 183.5
4/7,4/7) 356.7 356.7 — — — 356.9
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Fig. 2 Constant contours of solutions of Motz’s problem.

r'’2 cos(¢/2), r cosp, r¥’? cos(3/2)¢, r? cos2e,
r¥2 cos(5/2)p, r? cos3¢, 1’2 cos(7/2)b]1 1«16

and

{B}T= [61,62$---’6i6]

where (r,9) are the polar coordinates centered at the singular
point O.

Assumed Element Boundary Variable &

The element boundary variable u should have the same
value at the common boundaries of adjacent elements.
Hence, i in Eq. (3) is assumed to be (see Fig. 1):

Along EF:

u=aqa, +a,0+a;6*
Along OE or OF:

u=a,+asr’? +agr

where 6 is the local coordinate with respect to the central axis
OG. The parameters (a,,4;,...,d¢) can be uniquely deter-
mined in terms of nodal values of {g}, and {L}T is then
obtained.

Lagrangian Multiplier X,

To ensure a better approximation, the independently
assumed Lagrangian multiplier )~\,, along the boundaries can
be generated from the gradient of u, N;, which satisfies the
following equations:

;=0 on 34, (Al)

N, =N\n; on dA,, (A2)

Since the assumed variable u contains r'*-type behavior®?
N, will generate a r~'/2 singular behavior along the boundary

dA,,. The radial and tangential components of \;, A, and A,
can be taken as
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N\ =) +ar+asr 2 sin(é/2) + a, sing
+ o572 sin(3/2)¢ + agr sin2¢ + a,r? sin(5/2)¢
+ agr? sin3¢ + aer®? sin(7/2)¢ + ayor Y2 cos(¢/2)
+ayy cose+ apr? cos(3/2)¢+ s cos2¢

+ o472 ©08(5/2)¢ + a5t cos3¢+a6r? cos(1/2)¢

and
ay= —a,¢—2ayrd+osr ™2 cos($/2) + o, cosg
+asr’? cos(3/2)¢ + agr cos2é + ar’? cos(5/2)¢
+ogr? cos3¢+ agr’’? cos(7/2)¢ —ayor V2 sin(4/2)
—ayy sing —aq,r? sin(3/2)¢ — a3 sin2¢
— 4772 §in(5/2)p — ;51 sin3¢ — o 41572 sin(7/2)¢

As a result, from Egs. (A1) and (A2), the assumed interpola-
tion function {R}7T of A\, can be easily determined.
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